Quantum cloning and teleportation fidelity in the noncommutative
  phase-space by Leal, P. et al.
ar
X
iv
:1
80
1.
03
76
7v
1 
 [q
ua
nt-
ph
]  
11
 Ja
n 2
01
8
Quantum cloning and teleportation fidelity in the
noncommutative phase-space
P. Leal,1, ∗ A. E. Bernardini,1, † and O. Bertolami1, ‡
1Departamento de F´ısica e Astronomia and Centro de F´ısica do Porto,
Faculdade de Cieˆncias da Universidade do Porto,
Rua do Campo Alegre 687, 4169-007, Porto, Portugal.
(Dated: October 16, 2018)
Abstract
The formulation of the no-cloning theorem in the framework of phase-space noncommutative
(NC) quantum mechanics (QM) is examined, and its implications for the computation of quantum
cloning probabilities and teleportation fidelity are investigated through the Weyl-Wigner formula-
tion of QM. The principles of QM re-edited in terms of a deformed Heisenberg-Weyl algebra are
shown to provide a covariant formulation for the quantum fidelity, through which the results from
the no-cloning theorem for the ordinary QM can be reproduced. Besides exhibiting an explicit
correspondence between standard and NC QM for Gaussian Wigner functions, our results suggest
a feasible interpretation for the NC continuous variable quantum cloning given in terms of quantum
teleportation protocols.
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I. INTRODUCTION
The manipulation of quantum states for the processing of information has been stirred
up by an increasing number of theoretical tools which describe the prospects of quantum-
enhanced systems. This includes several protocols for quantum factoring, quantum cloning
and quantum teleportation, all of them involving multipartite quantum systems. In the con-
text of these procedures, a series of limitations and assumptions have been established by
the so-called no-cloning theorem, which ensures that no random state can be duplicated [1].
More specifically, the no-cloning theorem precludes the possibility of creating an auxiliar du-
plicate of a state during a quantum computation. Fortunately, the advent of quantum error
correcting codes [2, 3] allows for circumventing the limitations of the no-cloning hypothesis
so to provide the setup for more engendered quantum computing protocols which involve,
for instance, continuous variable framework [4]. Although originally designed for discrete
variable quantum systems, the quantum platforms built from the continuous-spectrum de-
scribed by the quadrature components of a light mode are presumably easier to handle than
their discrete counterparts [5]. In fact, quantum teleportation [4] and quantum computation
[6] protocols, as well as quantum cryptographic schemes [7] have been developed, all relying
on continuous variables.
The aim of this paper is to investigate the foundations and the range of applicability
of the no-cloning theorem in the framework of phase-space noncommutative (NC) quantum
mechanics (QM). Our analysis comprises a covariant formulation of quantifiers of the fidelity
of states and a continuous variable quantum teleportation protocol in terms of NC variables.
NC extensions of QM and quantum cosmology have already been extensively examined [8–
15]. The NC QM is suitably formulated in the Weyl-Wigner-Groenewold-Moyal (WWGM)
formalism [16–18] in a 2n-dim phase-space where n sets of canonical conjugate variables
obey a deformed Heisenberg-Weyl (HW) algebra. Our analysis will consist in revisiting
the no-cloning and related theorems in QM, and generalize them for the deformed HW NC
algebra [8, 13, 19] which supports the NC QM. Our study complements previous studies
that examine NC features in quantum oscillations [19–21], decoherence [22–24], quantum
entanglement and locality [25, 26], uncertainty principle [10, 27–29], equivalence principle
[30, 31], and gauge invariance [30, 32].
Our results clearly indicate that the no-cloning theorem can be generalized for continuous
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variables in the NC phase-space. In fact, it will be shown that cloning and teleportation
probabilities obtained from NC Wigner functions can be quantified through a NC covariant
expression for the teleportation fidelity that allows for quantifying the reproducibility of
quantum cloned and teleported Wigner functions, which fits perfectly the results for ordinary
QM of Gaussian states.
The outline of this work is as follows. In Sec. II, the formulation of the NC QM as
discussed in Ref. [13] is reviewed. In particular, one will be concerned with the Wigner
formulation of QM suitable for NC QM and the use of a generalized Seiberg-Witten (SW)
map [33] to define the NC Wigner function and some of its properties which will be relevant
in the following sections. The no-cloning theorem in the phase-space NC QM is obtained in
Sec. III. Sec. IV addresses the covariant formulation of the teleportation fidelity in the NC
phase-space. Since the cloning probabilities are also related to the entanglement fidelity, a
relationship given in terms of NC Wigner functions is obtained and applied for quantifying
the cloning probabilities of NC Gaussian states. As will be seen, in the transition from
ordinary QM to NC QM, the entanglement fidelity exhibits the same covariant behavior of
the Wigner functions, a fundamental feature in demonstrating the no-cloning theorem in
the NC framework. Finally, in Sec. V, a protocol for a teleportation process in phase-space
is constructed so to provide an additional consistency test for reproducing quantum states
in the NC framework. Our concluding remarks, as drawn in Sec. VI, do indicate that a
consistent formulation of the NC version of the no-cloning theorem can be proven, so that
its implications for teleportation protocols are preserved in the NC versions of the quantum
information protocols.
II. NC QM IN PHASE-SPACE
The NC QM is characterized by the deformation of the HW algebra as represented by
the commutation relations:
[xˆi, xˆj ] = iθij , [xˆi, pˆj] = i~δij , [pˆi, pˆj ] = iηij , i = 1, ...n, (1)
where θij and ηij are skew-symmetric matrices with real entries, whereas in the ordinary
QM one has
[qˆi, qˆj] = 0, [qˆi, kˆj] = i~δij , [kˆi, kˆj] = 0, i = 1, ...n, (2)
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with the variables of the two algebras being connected by the so-called SW map [33],
xˆi = λqˆi − θ
2λ~
ǫij kˆj, pˆi = µkˆi +
η
2µ~
ǫij qˆj , (3)
which is invertible when the parameters λ and µ are constrained by the relationship
θη
4~2
= λµ(λµ− 1), (4)
so to give
qˆi = µ
(
1− θη
~2
)−1/2(
xˆi +
θ
2λµ~
ǫij pˆj
)
,
kˆi = λ
(
1− θη
~2
)−1/2(
pˆi − η
2λµ~
ǫij xˆj
)
, (5)
with ǫij = −ǫji, θη . ~2, and the corresponding Jacobian reading
∂(x, p)
∂(q, k)
=
√
det(Ω) = 1− θη
~2
. (6)
In its most general form, the SW map can be expressed as [13]:
xˆi = Aij qˆj +Bijkˆj , pˆi = Cij qˆj +Dij kˆj, (7)
where A,B,C,D are real constant matrix solutions of the equations
ADT −BCT = In×n ABT −BAT = 1
~
Θ CDT −DCT = 1
~
N , (8)
where the superscript “T” stands for matrix transposition and Aij , Bij , Cij, Dij, θij , ηij are
the entries of the matrices A, B, C, D, Θ, N, respectively.
The above linear transformations imply that the NC algebra expressed by the relations
from Eq. (1) admits a representation in terms of the Hilbert space of the ordinary QM which
provides a self-contained phase-space formulation of the NC QM. According to Ref. [13], the
class of maps associated with the Weyl rule can be obtained by resorting to the ordinary
Weyl-Wigner map in the following scheme (cf. Ref. [13]),
aˆ′(zˆ) −→ aˆ(ξˆ) −→ a(ξ) −→ a′(z)
ˆSW Wξ SW
−1︸ ︷︷ ︸
W ξz
, (9)
with ξ ≡ {qi, ki} and z ≡ {xi, pi}. Since the SW transformation is linear, there are no
ordering ambiguities and thus ˆSW and SW have the same functional form. Thus, the
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Wigner function W ξz provides the desired phase-space representation for NC QM if the NC
properties are recast in the form of a new Moyal ⋆-product [17] in phase-space such that the
full structure of the phase-space representation of NC QM is shown to be independent of
the particular choice for the SW map [13].
Considering the enveloping algebra of the extended Heisenberg algebra, AˆE(H), and the
algebra of Hilbert-Schmidt operators, Aˆ(H), it follows, from the SW map, that AˆE(H) =
Aˆ(H) [13]. Using the generalized Weyl-Wigner map, from Eq. (9) in A(IR2n), for quantum
operators such that a, b ∈ A(IR2n), the Moyal ⋆-product in the NC variables z = {xi, pi}
reads
a(z) ⋆ b(z) = a(z)e
i~
2
←
∂ zαΩαβ
→
∂ zβ b(z) = a(z)⋆~⋆θ⋆ηb(z), (10)
where
a(z)⋆~b(z) ≡ a(z) e
i~
2
←
∂ ziJij
→
∂ zj b(z), (11)
a(z)⋆θb(z) ≡ a(z) e
i
2
←
∂
∂xi
θij
→
∂
∂xj b(z), (12)
a(z)⋆ηb(z) ≡ a(z) e
i
2
←
∂
∂pi
ηij
→
∂
∂pj b(z), (13)
which can be cast into the compact notation,
a(χ) ⋆Λ b(χ) = a(χ)e
i
2
←
∂ χrΛrs
→
∂ χs b(χ) , (14)
and where, for ⋆ and ⋆~, the variable χ stands for χ = z in the 2n-dimensional phase-space,
and the symplectic matrices in these cases read 1
Λ = ~Ω, if ⋆Λ = ⋆ , Λ = ~J, if ⋆Λ = ⋆~ , (16)
with
J =

 0 In×n
−In×n 0

 and Ω =

 1~Θ In×n
−In×n 1~N

 . (17)
1 For ⋆θ and ⋆η, the variable χ stands for χ = {xi} or χ = {pi} (r, s = 1, · · · , n), and the symplectic
matrices read Λ = Θ, if ⋆Λ = ⋆θ and Λ = N, if ⋆Λ = ⋆η, respectively. According to Ref. [13], a ⋆-product
of the form Eq. (14) acting on the space of polynomials on phase-space (⋆Λ = ⋆ or ⋆Λ = ⋆~), configuration
space (⋆Λ = ⋆θ) or momentum space (⋆Λ = ⋆η), can be represented as a Bopp shift,
a(χ) ⋆Λ b(χ) = a
(
χ+
i
2
Λ
→
∂ χ
)
b(χ) = a(χ)b
(
χ − i
2
Λ
←
∂ χ
)
. (15)
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For Λ invertible, the ⋆-product of the form Eq. (14) admits a kernel representation:
a(χ) ⋆Λ b(χ) =
1
πn| detΛ|
∫
dχ′
∫
dχ′′ a(χ′)b(χ′′)e[2i(χ−χ
′)TΛ−1(χ′′−χ)], (18)
for2 a, b ∈ A(IRn).
To find the correspondence between ordinary and NC QM from the above results, one
performs the SW transformation,
ξ −→ z = Sξ , α(ξ) −→ α′(z) = α(ξ(z)) , β(ξ) −→ β ′(z) = β(ξ(z)), (19)
with Skm =
∂zk
∂ξm
, which reproduces the calculations for the corresponding ordinary variables,
α(ξ) and β(ξ), namely the Weyl symbols for some operators αˆ and βˆ in Aˆ(H) ∪ Fˆ , where
Fˆ are generic Hilbert-Schmidt operators, such that the kernel representation of the Moyal
⋆~-product is given by
α(ξ) ⋆~ β(ξ) =
1
(π~)2n
∫
dξ′
∫
dξ′′ α(ξ′)β(ξ′′)e[−
2i
~
(ξ−ξ
′
)T J(ξ
′′
−ξ)]. (20)
Given that the symplectic matrix transforms as Ω = SJST , and, of course, detS =
√
detΩ,
under the SW map, Eq. (20) transforms according to [13]:
α(ξ)⋆~β(ξ)
∣∣∣∣
ξ=ξ(z)
=
1
(π~)2n
∫
dz′
∫
dz′′(detS)−2α′(z′)β ′(z′′)e[−
2i
~
(z−z′)T (S−1)T JS−1(z′′−z)], (21)
and, therefore,
α′(z) ⋆ β ′(z) =
1
(π~)2n| detΩ|
∫
dz′
∫
dz′′ α′(z′)β ′(z′′)e[
2i
~
(z−z′)TΩ−1(z′′−z)], (22)
through which, for a(z) ≡ α′(z) and b(z) ≡ β ′(z), one recovers Eq. (18). From the above
results, it follows that [13]
Theorem: For a Moyal ⋆-product of the form Eq. (18), one has∫
dχ A(χ) ⋆Λ B(χ) =
∫
dχ A(χ)B(χ), (23)
similar to the WWGM formulation of ordinary QM.
The proof is as follows.
2 Where n stands for 2n or n depending on whether the ⋆-product is ⋆, ⋆~, or ⋆θ, ⋆η.
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Proof: From the kernel representation, one has:∫
dχA(χ) ⋆Λ B(χ) =
1
πn| detΛ|
∫
dχ
∫
dχ′
∫
dχ′′A(χ′)B(χ′′)e[2i(χ−χ
′)TΛ−1(χ′′−χ)]
=
1
πn| detΛ|
∫
dχ′
∫
dχ′′πn| detΛ|δ(χ′ − χ′′)A(χ′)B(χ′′)e−2iχ′TΛ−1χ′′
=
∫
dχA(χ)B(χ) , (24)
where the antisymmetry of Λ has been used in the last step.
From the above theorem, one can use the generalized Weyl-Wigner map to define the NC
Wigner function. For a system in a pure or mixed state represented by a density matrix
ρˆ ∈ Fˆ , the Wigner function in terms of the NC variables identified by z ≡ {xi, pi} is defined
by [13]:
fNC(z) ≡ 1√
detΩ(2π~)n
W ξz (ρˆ) . (25)
It follows from the definition of fNC(z) that if ξ ≡ {qi, ki} is the set of Heisenberg
variables obtained via the SW map, the ordinary Wigner function associated with ρˆ,
fW (ξ) ≡ 1
(2pi~)n
Wξ(ρˆ), is then given by
fNC(z) =
1√
detΩ
fW (ξ(z)) , with
∫
dz fNC(z) = 1, (26)
where ξ(z) is the inverse transformation of the SW map. Other properties of the NC Wigner
function follow directly from application of the generalized Weyl-Wigner map [13]. Of course,
in this section, only the results that are relevant for defining quantum cloning probabilities
and teleportation fidelity in the NC phase-space have been addressed.
III. NO-CLONING THEOREM IN THE NC PHASE-SPACE
In order to introduce the no-cloning theorem in the NC phase-space one will first review
the well-known results of the no-cloning theorem in the Wigner formalism of phase-space
QM.
First one considers two unknown states with Wigner functions Wψ(ξ) and Wφ(ξ) and,
additionally, a blank third state, W e(ξ). All states are assumed to be normalized. Any
cloning procedure should be able to take any unknown initial state (as well as an empty
state) and replicate this state completely. In terms of QM, one should be able to find a
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unitary transformation such that,
W outψ (ξ
A, ξB) = U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB) = Wψ(ξ
A)Wψ(ξ
B), (27)
for any state ψ. Here one uses the fact that for Hermitian operators, U(ξ)∗ = U(ξ). One
should also notice that, for unitary transformations, U(ξA, ξB) ⋆ U(ξA, ξB) = 1. This also
implies that for these transformations U(ξ)−1 = U(ξ)∗, where U(ξ)−1 denotes the ⋆-product
inverse. If one applies this procedure to the aforementioned states labeled by ψ and φ one
can then compute the integral:
P =
∫
dξA
∫
dξBW outψ (ξ
A, ξB)W outφ (ξ
A, ξB). (28)
Indeed it can be carried out in two different ways, as illustrated in the following. First, by
using the last equality on Eq. (27) one gets:
P =
∫
dξA
∫
dξBWψ(ξ
A)Wψ(ξ
B)Wφ(ξ
A)Wφ(ξ
B)
=
∫
dξAWψ(ξ
A)Wφ(ξ
A)
∫
dξBWψ(ξ
B)Wφ(ξ
B)
=
(∫
dξWψ(ξ)Wφ(ξ)
)2
.
(29)
However, if one uses the first equality of Eq. (27) and the associativity of the ⋆-product, the
integral is written as:
P =
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB)
U(ξA, ξB) ⋆
[
Wφ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB)⋆
⋆ U(ξA, ξB) ⋆
[
Wφ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆
[
Wφ(ξ
A)W e(ξB)
]
⋆ U(ξA, ξB),
(30)
where one has used the identity (cf. Eq. (23)):∫
dξA(ξ) ⋆ B(ξ) =
∫
dξA(ξ)B(ξ), (31)
and the unitarity of U(ξA, ξB). By following the ⋆-product associativity and the commuta-
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tivity of the regular product, one obtains:
P =
∫
dξA
∫
dξB
{
U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆
[
Wφ(ξ
A)W e(ξB)
]}
U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆ U(ξA, ξB) ⋆
[
Wψ(ξ
A)W e(ξB)
]
⋆
[
Wφ(ξ
A)W e(ξB)
]
=
∫
dξA
∫
dξB
[
Wψ(ξ
A)W e(ξB)
]
⋆
[
Wφ(ξ
A)W e(ξB)
]
,
(32)
which can be recast in the simplified form of:
P =
∫
dξA
∫
dξB
[
Wψ(ξ
A)W e(ξB)
] [
Wφ(ξ
A)W e(ξB)
]
=
∫
dξAWψ(ξ
A)Wφ(ξ
A)
∫
dξBW e(ξB)2
=
∫
dξWψ(ξ)Wφ(ξ).
(33)
Therefore, this cloning procedure implies that P 2 = P . Since P is a real number, then
the only possible solutions are that P = 0 or P = 1. This in turn implies that either the
states are orthogonal or are the same state, which is absurd since it was assumed that the
associated ψ and φ states were generic and unknown. This leads to the conclusion that such
a cloning mechanism does not exist, proving the no-cloning theorem.
Most importantly, having the above derivation in mind, one should notice that the proper-
ties used there are only concerned with the ⋆-product defined for the theory. Thus, according
to the results from Ref. [13] expressed by theorem Eq. (31), and the ensued invariance of
Eq. (28) under the SW map, and by the associativity of the NC ⋆NC-product, a proof as
the above one can be extended to NC QM. In fact, this generalizes the no-cloning theorem
to any theory where the ⋆-product obeys the two aforementioned properties: ⋆Λ-product
associativity and the theorem, Eq. (31)3.
A similar argument can also be used to prove the converse of the no-cloning theorem: the
no-deleting theorem. In this case, one should look for a unitary transformation that yields:
W outψ (ξ
A, ξB) = U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆ U(ξA, ξB) =
= Wψ(ξ
A)W e(ξB).
(34)
3 Some of the steps of this result have already been obtained in Ref. [34], although through a different
procedure, which did not rely on the phase-space Wigner formalism for NC QM. The method employed
here allows for the generalization to any deformation of the HW algebra.
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Considering two states, ψ and φ, and using the second equality we get:
P =
∫
dξA
∫
dξBWψ(ξ
A)W e(ξB)Wφ(ξ
A)W e(ξB)
=
∫
dξAWψ(ξ
A)Wφ(ξ
A)
∫
dξBW e(ξB)2
=
∫
dξWψ(ξ)Wφ(ξ).
(35)
However, if instead, the first equality is used, after some straightforward algebra, the result
becomes:
P =
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆ U(ξA, ξB)
U(ξA, ξB) ⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]
⋆ U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆ U(ξA, ξB)⋆
⋆ U(ξA, ξB) ⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]
⋆ U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wφ(ξ
B)
]
⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]
⋆ U(ξA, ξB)
=
∫
dξA
∫
dξB
{
U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]}
U(ξA, ξB)
=
∫
dξA
∫
dξB U(ξA, ξB) ⋆ U(ξA, ξB) ⋆
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]
=
∫
dξA
∫
dξB
[
Wψ(ξ
A)Wψ(ξ
B)
]
⋆
[
Wφ(ξ
A)Wφ(ξ
B)
]
=
∫
dξA
∫
dξB
[
Wψ(ξ
A)Wψ(ξ
B)
] [
Wφ(ξ
A)Wφ(ξ
B)
]
=
∫
dξAWψ(ξ
A)Wφ(ξ
A)
∫
dξBWψ(ξ
B)Wφ(ξ
B)
=
(∫
dξWψ(ξ)Wφ(ξ)
)2
.
(36)
Thus, one concludes that P = P 2, which, by the same argument used on the QM no-cloning
theorem, proves that there is no unitary transformation that acts on states as specified in
Eq. (34). Thus, the no-deleting theorem follows. Again, this is valid for any deformation
of the HW algebra that gives rise to a ⋆Λ-product that is associative and obeys Eq. (31),
namely in a particular framework of the NC QM.
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IV. TELEPORTATION FIDELITY IN THE NC PHASE-SPACE
The capability for teleporting quantum information is associated to the irreducible non-
local content of QM, which is exemplified by the nonlocal features of an entangled quantum
state [35]. Given the entanglement dynamics of two interacting subsystems of a composite
quantum system [36], the teleportation of a single-mode quantum state can be engendered
through a suitable variation of the original Einstein-Podolsky-Rosen (EPR) procedure [4, 36].
Once expressed in terms of continuous variable systems, the original formulation of the pro-
cedure brings about the nonlocal properties shared by two subsystems in the EPR state with
perfect correlations in both position and momentum coordinates. These correlations can be
expressed in the language of bipartite Gaussian states [37] for which the corresponding EPR
phase-space Wigner function is written as [25]:
WEPR(z) =
1
π2
√
det[Σ2]
exp
(−zTΣ−12 z) , (37)
where, in this case, z ≡ (x1, p1, x2, p2), which is associated to a set of orthogonal quadra-
tures, for modes α1 ≡ x1 + i p1 and α2 ≡ x2 + i p2, and the covariance matrix, Σ2, given
by
Σ2 =
1
2

 β γ
γT β

 , (38)
where β = cosh(2r) Diag[+1 +1] represents the self-correlation of single subsystems and γ =
− sinh(2r)σz(2) = sinh(2r) Diag[−1 +1] describes the correlation between the two subsystems,
with both given in terms of the associated squeezing parameter, r.
Here, the real vector z defines the set of canonically conjugate variables, position and
momentum, for the relevant pathways for a massive particle and quadrature amplitudes
suitably associated to electromagnetic field modes. This yields:
WEPR(α1, α2) =
4
π2
exp
[− cosh(2r) (|α1|2 + |α2|2)− 2 sinh(2r) Re[α1α2]]. (39)
The entangled state, WEPR, works as an auxiliary tool shared by input and output states,
ρˆin and ρˆout, for the construction of realistic teleportation protocols described by continu-
ous variable quantum states [4, 35]. These are the basic engineering tools of teleportation
protocols [38–40]. These protocols give support to the development of the convolutional
formalism that will be considered in the construction of a NC version of a fidelity quantifier
for teleported quantum states [41].
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Turning the notation to the above mentioned single-mode continuous variable, α, the
framework sets up the teleportation evolution described by [35]
ρˆout =
∫
dα
∫
dα∗ Dˆ(α) ρˆin Dˆ
†(α), (40)
where ρˆin is the original teleported state and Dˆ(α) = exp
(
αa† − α∗a) is the displacement
operator [5, 38, 39] such that Dˆ(α)|ω〉 = |ω + α〉. The quantitative measure of the repro-
ducibility of the input state is prescribed by an output state, ρˆout (c.f. Eq. (40)), given by
means of the entanglement fidelity [41]:
FE =
∫
dα
∫
dα∗ Dˆ(α)
∣∣∣∣Tr [Dˆ(α) ρˆin]
∣∣∣∣2, (41)
which, in the context of phase-space variables, can be reconstructed in terms of Wigner
functions.
The overall analysis, which includes finite (nonsingular) degrees of correlation and in-
corporate inefficiencies in the measurement process [4], results into a continuous variable
cloning protocol translated into a convolutional formalism [42] statistically expressed by the
correspondence between input and output states in terms of Wigner functions of quantum
ensembles, Win and Wout, related by
Wout = Win ◦Gσ, (42)
where Gσ = π
−2 exp(−|α|2/σ) with σ = exp(−2r), and which of course can be extended to
a multimodal framework such that σ → Σ, the covariance matrix.
According to the convolutional relation, Eq. (42), the entanglement fidelity between input
and output n-modal Wigner functions can be written as
FWΣ = (2π)n
∫
dnzWout(z)Win(z) = (2π)
n
∫
dnz
∫
dnz′Win(z
′)GΣ(z− z′)Win(z), (43)
with z ≡ (x1, p1, x2, p2, x3, p3, . . . , xn, pn, ), and
Wout(z) =
∫
dnz′Win(z
′)GΣ(z− z′), (44)
where, in this case, the Gaussian cloner is given by
GΣ(z) =
1
πn
√
Det[Σ]
exp
(−zTΣ−1z), (45)
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for an arbitrary Σ. For normalized input Wigner functions,∫
dnzWin(z) = 1, (46)
and a n-partite Gaussian distribution, Win(z) = GΣ(z), one obtains the maximal value
of the entanglement fidelity, which is given by 2n/(3n
√
Det(Σ)). For pure states, with√
Det(Σ) = 1, single-mode Gaussians exhibit optimal cloning fidelity, which leads to dupli-
cations of coherent Gaussian states with a fidelity of 2/3 [5]. A unitary cloning transforma-
tion identified by the above Wigner function teleportation protocol provides two copies of
a system with a continuous spectrum at the price of a non unity cloning fidelity where the
cloner is identified by
lim
Σ→∞
GΣ(z− z′) = δ(n)(z− z′), (47)
which, in this case, is reached by the implementation of an uncertainty principle (UP)
violating protocol which returns
lim
Σ→∞
FWΣ = (2π)n
∫
dnzW 2in(z), (48)
that is, the purity of the quantum state Win(z). For Win(z) identified by a Gaussian GΓ(z),
one has
lim
Σ→∞
FΓΣ = (2π)n
∫
dnzW 2in(z) = (2π)
n 1
(2π)n
√
Det[Γ]
=
1√
Det[Γ]
, (49)
the Gaussian purity.
In fact, the result from Eq. (43) for the hypothesis, Eq. (45), can be straightforwardly
generalized to Gaussian states given by GΓ(z). In this case, Win(z) = GΣ(z), and with some
involved mathematical manipulations, leads to [43]:
FΓΣ = (2π)n
∫
dnz
∫
dnz′GΓ(z
′)GΣ(z− z′)GΓ(z) = 2
n√
Det[2Γ+Σ]
. (50)
In the context of the NC QM, for the case where z is a vector in the NC phase-space, which
is related to the commutative one by the linear SW map given by z = Sξ, a quite relevant
result is that the covariance of a NC fidelity quantifier, FWΣ → FNCΣ , under the SW map,
i.e. an analogous quantifier in the commutative phase-space, where F W˜
Σ˜
will be obtained in
the following.
According to the theorem Eq. (23) and following definitions from Eqs. (24) and (25) (see
also Eqs. (27)-(30) and Definition 3.8 in Ref. [13]), a NC Wigner function written in terms
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of NC variables z is given by
WNC(z) =
1√
Det(Ω)
W˜ (ξ(z)) ≡ 1√
Det(Ω)
W˜ (S−1z), (51)
from which one can define a NC version of entanglement fidelity given by
FNCΣ = (2π)n
∫
dnz
∫
dnz′WNCin (z
′)GNCΣ (z− z′)WNCin (z)
=
(2π)n
Det(Ω)
∫
dnξ′
∣∣∣∣∂z′∂ξ′
∣∣∣∣
∫
dnξ
∣∣∣∣∂z∂ξ
∣∣∣∣ W˜in(ξ′(z′))GNCΣ (z(ξ)− z′(ξ′))) W˜in(ξ(z)). (52)
Once that the Jacobian determinant |∂z/∂ξ| is given by Eq. (6), for
GNCΣ (z− z′) = GNCΣ (z(ξ)− z′(ξ′))) = GNCΣ (S(ξ − ξ′))
=
√
Det(Σ˜)
Det(Σ)
GΣ˜ (ξ − ξ′) =
1√
Det(Ω)
GΣ˜ (ξ − ξ′) , (53)
where Σ = S Σ˜ST and Ω = SJST , one has
FNCΣ = (2π)n
∫
dnz
∫
dnz′WNCin (z
′)GNCΣ (z− z′)WNCin (z)
=
(2π)n√
Det(Ω)
∫
dnξ
∫
dnξ′ W˜in(ξ
′)GΣ˜ (ξ − ξ′) W˜in(ξ)
=
1√
Det(Ω)
F W˜
Σ˜
, (54)
which is independent from the SW map. The above expression for FNCΣ can be straightfor-
wardly specialized to NC Gaussian states identified by WNCin (z) = G
NC
Γ (z), with Γ arbitrary.
In this case, the expression for the NC version of the fidelity quantifier from Eq. (50) can
be written as
FΓ(NC)Σ = (2π)n
∫
dnz
∫
dnz′GNCΓ (z
′)GNCΣ (z− z′)GNCΓ (z)
=
(2π)n√
Det(Ω)
∫
dnξ
∫
dnξ′GΓ˜(ξ
′)GΣ˜(z− z′)GΓ˜(ξ′)
=
2n√
Det(Ω)
√
Det[2Γ˜ + Σ˜]
=
2n√
Det[2Γ+Σ]
= FΓΣ, (55)
that is, for Gaussian states, the noncommutativity does not affect in any way the fidelity
results for continuos variables teleportation protocols: a quantitative result that matches
enhanced predictions of the NC phase-space version of the no-cloning theorem.
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Turning our attention to more complex quantum states, the above discussion can be
extended to the quantum mechanical problem of the 2-dim NC harmonic oscillator (HO)
[13, 19]. The quantum Hamiltonian on the NC x1 − x2 plane,
HˆNCHO (zˆ) = zˆ · zˆ↔ HˆNCHO (xˆ, pˆ) = xˆ2 + pˆ2 =
∑
i=1,2
xˆ2i + pˆ
2
i , (56)
when re-written in terms of the commutative observables, qˆi and kˆi, reads
HWHO(qˆ, kˆ) = A
2qˆ2 +B2kˆ2 + γ
2∑
i,j=1
ǫij kˆiqˆj, (57)
where
A2 ≡ λ
2
2
+
η2
8µ2~2
,
B2 ≡ µ
2
2
+
θ2
8λ2~2
,
γ ≡ 1
2~
(θ + η) , (58)
and the constraint Eq. (4) guarantees that 4A2B2 = 1 + γ2.
The stargenvalue problem for the Hamiltonian from Eq. (57) reads
HWHO ⋆ Wn1,n2(q,k) = En1,n2 Wn1,n2(q,k), (59)
which, from the analysis developed in Ref. [19], results into
Wn1,n2(q,k) =
(−1)n1+n2
π2~2
exp [− (Ω+ + Ω−) /~] L0n1 (Ω+/~) L0n2 (Ω−/~) , (60)
where L0n are the associated Laguerre polynomials, n1 and n2 are non-negative integers, and
Ω± =
A
B
q
2 +
B
A
k2 ∓ 2
2∑
i,j=1
(ǫijkiqj), (61)
such that the energy spectrum is given by
En1,n2 = ~ [2αβ(n1 + n2 + 1) + γ(n1 − n2)] , (62)
and one has ∫ +∞
−∞
dq1
∫ +∞
−∞
dk1
∫ +∞
−∞
dq2
∫ +∞
−∞
dk2 ρ
W
n1,n2
(q,k) = 1. (63)
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The mapped variables Ω± can be straightforwardly identified with Ω± = |α1 ± iα2|2 for
αj = xj + ipj, j = 1, 2, (64)
which shows that input NC Wigner functions described by Eq. (60) in the Ω+ − Ω− plane
are equivalent to the ordinary commutative Wigner functions with Ω± = |α1 ± iα2|2 given
in terms of
αj =
√
A
B
qj + i
√
B
A
kj, j = 1, 2, (65)
which does not change the phase-space volume of integration and keeps valid the general
result Eq. (49). By considering the Gaussian channel described by Eq. (39), NC and ordinary
QM yield the same output states and, therefore, entanglement fidelity results are not affected.
V. QUANTUM TELEPORTATION
Quantum teleportation is a purely quantum phenomenon first discussed by Bennet et al.
[44] for discrete variable quantum systems. It allows for the transmission of a single particle
quantum state from one location to another via the exchange of two classical information
bits making use of the quantum entanglement. Due to these properties and from the fact
that the state of the teleported particle at the input location is destroyed, there is neither
violation of causality nor violation of the no-cloning theorem. The generalization of this
result for continuous variables was first put into place by Vaidman [45], in a setup similar to
the one of discrete variables. In the following analysis, the teleportation process is discussed
in the Wigner formalism, first for the usual QM and then in the NC framework.
A. Ideal teleportation – Standard QM case
In the first step in the preparation of this process, the two intervening parts must share
an entangled state of two particles, WEPR
(
xA, pA, xB, pB
)
, where xA,B, pA,B correspond
to the position and momentum of particles belonging to Alice and Bob, respectively. Let
the teleported state be described by the Wigner function W in(xC , pC). Now one of the
intervening parts, Alice, gets particles A and C and Bob gets particle B. The complete
state of the system composed by the three particles is given by:
W (xA, pA, xB, pB, xC , pC) = WEPR
(
xA, pA, xB, pB
)
W in(xC , pC). (66)
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Alice now uses a beam splitter on particles A and C so that their positions and momenta
can be written as:
x± =
1√
2
(xA ± xC), p± = 1√
2
(pA ± pC), (67)
which, once introduced into the Wigner function argument yields:
W = WEPR
(
1√
2
(x+ + x−),
1√
2
(p+ + p−), x
B, pB
)
W in
(
1√
2
(x+ − x−), 1√
2
(p+ − p−)
)
.
(68)
Since [x+, p−] = 0, Alice can now make a measurement of these two quantities. Then, the
final state of particle B is given by:
W out(xB, pB) = W (xB, pB | x+, p−)
=
∫
dx−
∫
dp+W
EPR
(
1√
2
(x+ + x−),
1√
2
(p+ + p−), x
B, pB
)
×W in
(
1√
2
(x+ − x−), 1√
2
(p+ − p−)
)
.(69)
If the shared entangled state of particles A and B is a maximally entangled state, i.e.
WEPR = δ(xA + xB)δ(pA − pB), then the final state of particle B is:
W out(xB, pB) = W in
(
xB +
√
2x+, p
B −
√
2p+
)
. (70)
The next step in the teleportation process is the communication of Alice results to Bob.
This corresponds to the value of x+ and p− and these are usually exchanged via classical
communication. Then Bob proceeds with the adequacy of his state according to the infor-
mation received, adjusting the position and momentum of particle B, i.e. xB +
√
2x+ → xB
and pB −√2p+ → pB, which leads to:
W out(xB, pB) = W in(xB, pB). (71)
The above condition implies that the final state of particle B is the same as the initial state
of particle C. Therefore, for any W in, the particle B can be put into that state by the
procedure described above. Since the particle B does not need to be in the same physical
location as the other two particles, the state was teleported to its location.
This procedure can be straightforwardly generalized to more than one dimension as long
as an EPR state can be prepared. This implies that [xi + xj , pi − pj ] = 0 for i 6= j and
i, j = A, B, ....
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B. Ideal teleportation – NC QM case
For the NC scenario one should address to more than one dimension teleportation pro-
tocols. One then considers the same previous setup for three particles, now with position
(xi1, x
i
2) ≡ (xi, yi) and momentum (pi1, pi2) ≡ (pix, piy), with i, j = A, B, C. The three particle
Wigner function is then:
WNC = W
EPR
NC (x
A, yA, pAx , p
A
y , x
B, yB, pBx , p
B
y )W
in
NC(x
C , yC, pCx , p
C
y ). (72)
Using a beam splitter, in the same way as in the previous case, but in 2-dim, we introduce
a new set of variables:
x± =
1√
2
(xA±xC), y± = 1√
2
(yA±yC), px± =
1√
2
(pAx±pCx ), py± =
1√
2
(pAy ±pCy ),
(73)
which can be used to rewrite the Wigner function as in Eq. (68). The NC issues impose
some constraints upon the quantities measured by Alice: now x+ and y+ cannot be measured
simultaneously, since [x+, y+] = 2iθ 6= 0. Nevertheless, it is possible to choose a set of four
observables to measure simultaneously in a way that the final state of particle B matches the
one of the initial particle, C. These observables are x+, y−, px− and py+ , which constitute a
complete set of commuting observables. The Wigner function describing the state of particle
B after Alice’s measurement is then given by:
W outNC(x
B, yB, pBx , p
B
y ) =
∫
dx−
∫
dy+
∫
dpx+
∫
dpy−W
EPR
NC W
in
NC . (74)
If, as in the ordinary QM teleportation, one assumes the shared state to be maximally
entangled, i.e.
WEPRNC = δ(x
A + xB)δ(yA − yB)δ(pAx − pBx )δ(pAy + pBy ), (75)
then the final state of particle B would be:
W outNC = W
in
NC(x
B +
√
2x+, y
B −
√
2y−, p
B
x −
√
px−, p
B
y +
√
2py+). (76)
When Alice communicates her results on the measurements of x+, y−, px− and py+, Bob can
make the necessary unitary transformations on particle B so to have:
W outNC = W
in
NC(x
B, yB, pBx , p
B
y ), (77)
successfully teleporting the unknown original state of particle C into particle B.
18
Therefore, using the above theoretical setup, quantum teleportation of particle states
with F = 1 is also possible in the framework of NC QM. Of course, the shared state used in
this procedure is not experimentally viable and the results for the teleportation probabilities
shall be also constrained by an EPR state as given by the preliminaries of Sec. IV, i.e. when
squeezed Gaussian states are used as shared entangled states.
VI. CONCLUSIONS
The fundamental tenets related to the reproducibility of quantum states through quantum
cloning and quantum teleportation were examined in the framework of phase-space NC QM.
The no-cloning theorem was cast into the Wigner formalism for QM and then generalized
for phase-space NC QM, showing that a perfect copy of a state is impossible to be achieved
within the NC framework as well. It is seen that the only feature required for this result to
hold is the unitarity, which is also a feature of NC QM.
In what concerns quantifiers of the above mentioned quantum processes, the quantum
fidelity for continuous variable teleportation protocols in the NC phase-space was computed
using the NC Wigner function definitions (cf. Ref. [13]). It has been shown that, when
computed for 2-dim Gaussian and HO input states, the noncommutativity does not affect
the fidelity results of duplicated states. In fact, the results for quantum fidelity are shown
to be independent of the SW map which relates NC and ordinary quantum systems. This is
in line with results of Ref. [13], where it is shown that physical results such as expectation
values and transition amplitudes are independent of the SW map.
Finally, a procedure for quantum teleportation of continuous variables in the phase-space
NC QM was developed as to take into account some subtle modifications on the commutative
teleportation protocol. These modifications amounted to change the preparation of the
entangled state in order to account for the additional NC relations so to agree with the
uncertainty principles imposed by the deformed HW algebra. To summarize, NC QM does
impose, likewise in QM, relevant obstacles to the reproduction of states as well as associated
duplication protocols.
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